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SLOPE DETECTION, FOLIATIONS IN GRAPH MANIFOLDS, AND
L-SPACES
STEVEN BOYER AND ADAM CLAY
Abstract. A graph manifold rational homology 3-sphereW with a left-orderable fundamental
group admits a co-oriented taut foliation, though it is unknown whether it admits a smooth co-
oriented taut foliation. In this paper we extend the gluing theorem of [BC] to graph manifold
rational homology solid tori and use this to show that there are smooth foliations on the pieces
of W which come close to matching up on its JSJ tori. This is applied to prove that a graph
manifold with left-orderable fundamental group is not an L-space.
July 27, 2018
1. Introduction
Conjecture 1 of [BGW] contends that an irreducible rational homology 3-sphereW is not an L-
space if and only if its fundamental group is left-orderable. In this paper we verify one direction
of the conjecture for graph manifolds.
Theorem 1.1. A graph manifold L-space has a non-left-orderable fundamental group.
The question of whether a graph manifold rational homology 3-sphere W which has a non-left-
orderable fundamental group is an L-space remains open, even in topologically simple cases,
though it is shown in [BB] that a graph manifold integer homology 3-sphere is an L-space if
and only if its fundamental group is not left-orderable.
In order to prove Theorem 1.1, we generalize some of the results of [BC] concerning the foliation
detection of slopes on the boundary of a Seifert manifold M in several ways. (See §2 for precise
definitions.) Theorem 2.2 extends results on slope detection on a boundary component of M
relative to a fixed slope on each of its remaining boundary components to slope detection relative
to certain fixed families of slopes on each of its remaining boundary components. This is used
to study slope detection on the boundary of a graph manifold rational homology solid torus.
Theorem 1.2. Let V be an orientable graph manifold rational homology solid torus and let
D(V ) be the set of foliation detected slopes on ∂V and Dstr(V ) the set of strongly foliation
detected slopes. Then D(V ) is a non-empty, closed, connected subset of the circle S(∂V ) whose
frontier consists of rational slopes. Further, D(V ) \ Dstr(V ) is finite and consists of rational
slopes.
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A more precise version of this theorem can be found in §5.3. In §6 we consider the degenerate
case when the set of detected slopes on V has a unique element, and then apply the material
from Sections 5 and 6 to show that if a graph manifold rational homology 3-sphere W admits
a co-oriented taut foliation, then we can find smooth foliations on its pieces which come close
to matching up on the JSJ tori of W .
Theorem 1.3. Let W be a graph manifold rational homology 3-sphere which admits a co-
oriented, taut foliation. We can split W along a subset T0 of its JSJ tori into connected graph
manifolds U1, . . . , Un such that
(1) each Ui admits a smooth, co-oriented, taut, boundary-transverse, codimension 1 foliation Fi
which intersects the components of ∂Ui in hyperbolic foliations;
(2) if Ui and Uj are incident to a torus T ∈ T0, then the rational slopes on T determined by Fi
and Fj coincide.
Theorem 1.3 combines with standard gluing techniques from contact geometry to establish
Theorem 1.1.
It was pointed out in [BC, §12.2] that the generic graph manifold rational homology 3-sphere
which admits a co-oriented taut foliation also admits a smooth co-oriented taut foliation, though
the general case remains open.
Question 1.4. Let W be a graph manifold rational homology 3-sphere which admits a co-
oriented, taut foliation. Does W admits a smooth co-oriented taut foliation?
The material of the paper, and in particular §7, can be considered an initial analysis of this
question. In particular, see Question 7.7.
Background material is developed in §2 and a relative slope detection theorem for Seifert man-
ifolds is proved in §2.5. Sections 3 and 4 develop some technical results on smooth foliations
in Seifert manifolds which lead to the proof of Theorem 1.2 in §5. In §6 we study foliations on
graph manifold rational homology solid tori with degenerate sets of detected slopes. We prove
Theorem 1.3 in §7. Finally, in §8 we show why Theorem 1.3 implies that W is not an L-space,
and conclude that Theorem 1.1 holds.
Acknowledgements. The authors would like to thank Jonathan Bowden who pointed out a
gap in our original proof of Theorem 1.1 and who suggested the technique needed to fill it.
2. Relative slope detection in Seifert manifolds
The goal of this section is to present an extension (Theorem 2.2) of some of the results of the
Appendix of [BC].
2.1. Rational longitudes. A rational longitude of a compact, connected, orientable 3-manifold
N with boundary a torus is a primitive class λN ∈ H1(∂N) which represents a torsion element
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when considered as an element of H1(N). Rational longitudes exist and are well-defined up to
sign.
2.2. Orientable graph manifold rational homology solid tori. Throughout the paper
V will denote an orientable graph manifold rational homology solid torus, P a punctured 2-
sphere, Q a punctured projective plane and Q0 a Mo¨bius band. A JSJ piece of V is a compact,
connected, orientable Seifert manifoldM , distinct from S1×D2 and S1×S1×I, whose boundary
is a non-empty union of tori T1, . . . , Tr and whose base orbifold is of the form P (a1, a2, . . . , an)
or Q(a1, a2, . . . , an) where n ≥ 0 and a1, . . . , an ≥ 2. The Seifert fibring on M is unique up
to isotopy unless M is a twisted I-bundle over the Klein bottle, denoted N2, which admits
exactly two isotopy classes of Seifert structures. One has base orbifold Q0 and the other has
base orbifold D2(2, 2). Let h0, h1 ∈ H1(∂N2) denote, respectively, primitive classes carried by
a Seifert fibre of the structure with base orbifold Q0, respectively D
2(2, 2). Then {h0, h1} is a
basis of H1(∂N2) well-defined up to sign change of h0 or h1.
When M 6∼= N2 the class of a regular Seifert fibre of M is well-defined up to taking inverses
and we use h ∈ π1(M) to denote it. For each boundary component Tj of M we will also use
h to denote a primitive class of H1(Tj) represented by a Seifert fibre. When M ∼= N2, h will
correspond to either h0 or h1, depending on the Seifert structure chosen for M . The rational
longitude of N2 is represented by h0.
2.3. Slopes. A slope on a torus T is the class [α] of a non-zero element α ∈ H1(T ;R) in the
projective space
S(T ) = P (H1(T ;R)) ∼= S
1
We call a slope on T rational if it is represented by a class α ∈ H1(T ). Otherwise we call it
irrational. For instance, a rational longitude λN of a compact, connected, orientable 3-manifold
N with boundary a torus determines a well-defined rational slope [λN ] ∈ S(∂N).
More generally, given a finite collection of tori T = {T1, T2, . . . , Tm} we set
S(T ) = S(T1)× . . .× S(Tm)
2.4. Foliation detection of slopes. Let N be a compact, connected, orientable 3-manifold
whose boundary is a union of tori T1, T2, . . . , Tr. Set T (∂N) = {T1, . . . , Tr} and define
S(N) = S(T (∂N)) = S(T1)× . . .× S(Tr)
Each co-oriented taut foliation F on N which is transverse to ∂N determines a foliation F ∩Tj
on Tj which is the suspension of a homeomorphism fj of a circle contained in Tj . As such it
determines a slope [αj(F)] on Tj (cf. [BC, §6]). For instance, if F ∩ Tj contains a closed leaf,
then [αj(F)] is the slope of that leaf. If fj is conjugate in Homeo+(S
1) to a rotation, we call
F ∩ Tj linear.
Definition 2.1. Let F be a co-oriented taut foliation on a compact, connected, orientable
3-manifold N (as above) which is transverse to ∂N . A slope [αj ] ∈ S(Tj) is detected by F , or
F-detected, if [α] = [αj(F)]. It is strongly F-detected if it is F-detected and F ∩ Tj is linear.
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For J ⊂ {1, 2, . . . , r} and [α∗] = ([α1], [α2], . . . , [αr]) ∈ S(N), we say that (J ; [α∗]) is F-detected
if F detects [αj ] for all j and F strongly detects [αj ] for j ∈ J . Finally, we say that (J ; [α∗]) is
foliation-detected if it is F-detected for some co-oriented taut foliation F on N .
Let
D(N ;J) = {[α∗] ∈ S(N) : (J ; [α∗]) is foliation detected}
When J = ∅, we will often write D(N) in place of D(N ;J).
2.5. Relative slope detection in Seifert manifolds. For the remainder of this section we
take M to be a Seifert manifold with base orbifold Q(a1, . . . , an) or P (a1, . . . , an) and boundary
T1 ∪ . . . ∪ Tr where r ≥ 1 and n ≥ 0 (cf. §2.2).
We call [α∗] ∈ S(M) horizontal if no [αj ] coincides with the slope of the fibre class [h].
For [α∗] ∈ S(M), v([α∗]) will denote the number of vertical [αj ]:
v([α∗]) = |{j : [αj ] = [h]}|
Thus [α∗] is horizontal if and only if v([α∗]) = 0.
Fix J ⊆ {1, 2, . . . , r − 1} and non-empty, closed, connected subsets Sj of S(Tj), 1 ≤ j ≤ r − 1
such that [h] 6∈ Sj for j ∈ J . Assume that each Sj has rational endpoints (if any). Set
S∗ = S1 × . . .× Sr−1 and for each [α∗] ∈ S∗ define sets of relatively detected slopes
D(M ;Tr;J ; [α∗]) = {[αr] ∈ S(Tr) : (J ; ([α1], . . . , [αr−1], [αr])) is foliation detected}
Dstr(M ;Tr;J ; [α∗]) = {[αr] ∈ S(Tr) : (J ∪ {r}; ([α1], . . . , [αr−1], [αr])) is foliation detected}
Now set
D(M ;Tr;J ;S∗) =
⋃
[α∗]∈S∗
D(M ;Tr;J ; [α∗]) ⊆ S(Tr)
Dstr(M ;Tr;J ;S∗) =
⋃
[α∗]∈S∗
Dstr(M ;Tr;J ; [α∗]) ⊆ S(Tr)
When J = ∅, we will often drop J from the notation and writeD(M ;Tr; [α∗]) andDstr(M ;Tr;S∗).
We determine various basic properties of these sets below. First we introduce some notation
and normalizations.
For each j such that |Sj | = 1 we have Sj = {[αj ]} where [αj ] is rational. If, in this case, j ∈ J ,
we can replaceM byM ′ =M([αj ]) and J by J\{j} without changing the sets Dstr(M ;Tr;J ;S∗)
and D(M ;Tr;J ;S∗). Note though that after all such operations M might become a solid torus
or the product of a torus and an interval, contrary to the assumptions in [BC]. Under these
extended possibilities for M we suppose that
|Sj | > 1 whenever j ∈ J
We also assume that the boundary components of M are indexed so that J = {1, . . . , s} and
|Sj | > 1 if and only if 1 ≤ j ≤ t for some t ≥ s. Set v(S∗) = |{j : [h] ∈ Sj}|.
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Theorem 2.2. Let M and S∗ be as above and recall that [h] 6∈ Sj for j ∈ J
1.
(1) If M has base orbifold Q(a1, . . . , an) then
(a) D(M ;Tr;J ;S∗) =


{[h]} if v(S∗) = 0
S(Tr) if v(S∗) > 0
(b) Dstr(M ;Tr;J ;S∗) =


{[h]} if M ∼= N2
∅ if v(S∗) = 0 and M 6∼= N2
S(Tr) \ {[h]} if v(S∗) > 0
(2) If M has base orbifold P (a1, . . . , an) and
• v(S∗) = 0 then D(M ;Tr;J ;S∗) is a non-empty interval of horizontal slopes with rational
endpoints. Further either
– M ∼= S1 × S1 × I and Dstr(M ;Tr;J ;S∗) = D(M ;Tr;J ;S∗) ∼= S1, or
– M 6∼= S1 × S1 × I and Dstr(M ;Tr;J ;S∗) = D(M ;Tr;J ;S∗) consists of a single
rational slope, or
– M 6∼= S1 × S1 × I and (D(M ;Tr;J ;S∗),Dstr(M ;Tr;J ;S∗)) ∼= ([0, 1], (0, 1)).
• v(S∗) = 1 then D(M ;Tr;J ;S∗) is a closed, connected subset of S(Tr), with rational
endpoints (if any), containing {[h]}. Further, either
– M ∼= S1 × S1 × I and Dstr(M ;Tr;J ;S∗) = D(M ;Tr;J ;S∗) = S1, or
– M 6∼= S1 × S1 × I and Dstr(M ;Tr;J ;S∗) = D(M ;Tr;J ;S∗) \ {[h]}
2.
• v(S∗) > 1 then D(M ;Tr;J ;S∗) = S(Tr). Further either
– M ∼= S1 × S1 × I and Dstr(M ;Tr;J ;S∗) = D(M ;Tr;J ;S∗) = S(Tr), or
– M 6∼= S1 × S1 × I and Dstr(M ;Tr;J ;S∗) = D(M ;Tr;J ;S∗) \ {[h]} = S(Tr) \ {[h]}.
Proof. If M has base orbifold Q(a1, . . . , an) then assertion (1) follows from Proposition 6.5 and
Lemma 6.4 of [BC]. The same result implies that assertion (2) holds when M has base orbifold
P (a1, . . . , an) and v(S∗) > 1. To complete the proof we must deal with the case that M has
base orbifold P (a1, . . . , an) and v(S∗) ≤ 1.
First suppose that v(S∗) = 0. For [αj ] ∈ S(Tj) define τ([αj ]) ∈ R according to [α] = [τ([αj ])h−
h∗j ]. For [α∗] ∈ S(M) set τ([α∗]) = (τ([α1]), . . . , τ([αr])) and observe that this correspondence
1If [αj ] = [h] for some j ∈ J , then either D(M ; Tr; J ;S∗) = ∅ or M is the product of a torus and an interval.
In this case Dstr(M ;Tr; J ;S∗) = D(M ;Tr; J ;S∗) ≡ S1
2If D(M ; Tr; J ;S∗) is homeomorphic to a non-degenerate interval, then Dstr(M ;Tr; J ;S∗) has two connected
components.
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is bijective. Set
τ(S∗) = {τ([α∗]) ∈ R
r−1 : [α∗] ∈ S∗}
T (M ;Tr;J ; τ∗) = {τ([α]) : [α] ∈ D(M ;Tr;J ; τ
−1(τ∗))}
and
Tstr(M ;Tr;J ; τ∗) = {τ([α]) : [α] ∈ Dstr(M ;Tr;J ; τ
−1(τ∗))}
As in [BC] we can identify D(M ;Tr;J ;S∗) with
T (M ;Tr;J ;S∗) =
⋃
τ∗∈τ(S∗)
T (M ;Tr;J ; τ∗) ⊂ R
and Dstr(M ;Tr;J ;S∗) with
Tstr(M ;Tr;J ;S∗) =
⋃
τ∗∈τ(S∗)
Tstr(M ;Tr;J ∪ {r}; τ∗) ⊂ R
Under this identification we set
Tj = τ(Sj) = [ηj , ζj ]
where ηj , ζj ∈ Q.
Recall that for τ∗ ∈ Rr−1, the following notation was introduced in [BC, Appendix].
• r1(τ∗) = |{j : τj /∈ Z}|, the number of non-integral τj;
• s0(τ∗) = |{j : τj ∈ Z and j /∈ J}|, the number of integral τj whose indices are not in J ;
• i0(τ∗) = |{j : τj ∈ Z and j ∈ J}|, the number of integral τj whose indices are in J ;
• b0(τ∗) = −(⌊τ1⌋+ . . . + ⌊τr−1⌋);
• m0(τ∗) = b0(τ∗)− (n+ r1(τ∗) + s0(τ∗)− 1) = b0(τ∗) + i0(τ∗)− (n+ r − 1);
• m1(τ∗) = b0(τ∗) + s0(τ∗)− 1;
Case 1. n+ r ≤ 2.
If r = 1 then M is a solid torus. It follows that Tstr(M ;Tr;J ;S∗) = T (M ;Tr;J ;S∗) consists
of the meridional slope of M . Thus we are done. If r = 2 then M ∼= S1 × S1 × I, and
Tstr(M ;Tr;J ;S∗) = Tstr(M ;Tr;J ;S∗) ∼= S1.
Case 2. n+ r ≥ 3.
It follows from [BC, Proposition A.4] that for all τ∗ ∈ τ(S∗), [m0(τ∗),m1(τ∗)] ⊆ T (M ;Tr;J ;S∗),
and
T (M ;Tr;J ;S∗) ⊂
⋃
τ∗∈τ(S∗)
(m0(τ∗)− 1,m1(τ∗) + 1)
wherem0(τ∗) = b0(τ∗)−((n+r−1)−i0(τ∗)) andm1(τ∗) = b0(τ∗)+s0(τ∗)−1. Since b0(τ∗), s0(τ∗),
and i0(τ∗) vary over a finite set of integers, there are integers cmin and cmax such that
{cmin, cmax} ⊆ Tstr(M ;Tr;J ;S∗) ⊂ (cmin − 1, cmax + 1)
We prove that [cmin, cmax] ⊆ T (M ;Tr;J ;S∗) first.
If i0(τ∗) > 0 there is some j ≤ s such that τj is an integer. If τj ∈ [ηj , ζj) we can find τ
′
j ∈
(τj , ζj)\Z such that if τ ′∗ = (τ1, . . . , τj−1, τ
′
j, τj+1, . . . , τr−1), then b0(τ
′
∗) = b0(τ∗), s0(τ
′
∗) = s0(τ∗),
and i0(τ
′
∗) = i0(τ∗)− 1. Then m0(τ
′
∗) = m0(τ∗)− 1 while m1(τ
′
∗) = m1(τ∗). On the other hand
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if τj = ζj, there is a τ
′
j ∈ (ηj , ζj) such that if τ
′
∗ = (τ1, τj−1, τ
′
j, τj+1, . . . , τr−1), then b0(τ
′
∗) =
b0(τ∗) + 1, s0(τ
′
∗) = s0(τ∗), and i0(τ
′
∗) = i0(τ∗)− 1. In this case, b0(τ
′
∗) + i0(τ
′
∗) = b0(τ∗) + i0(τ∗)
so m0(τ∗) = m0(τ
′
∗) and m1(τ
′
∗) = m1(τ∗) + 1. Thus for each τ∗ ∈ τ(S∗) with i0(τ∗) > 0, there
is a τ ′∗ ∈ τ(S∗) such that i0(τ
′
∗) < i0(τ∗), m0(τ
′
∗) ≤ m0(τ∗) and m1(τ
′
∗) ≥ m1(τ∗). Proceeding
inductively we can show that for each τ∗ ∈ τ(S∗) with i0(τ∗) > 0, there is a τ
′
∗ ∈ τ(S∗) such
that τ ′j = τj for s+ 1 ≤ j ≤ r − 1, i0(τ
′
∗) = 0 and [m0(τ∗),m1(τ∗)] ⊆ [m0(τ
′
∗),m1(τ
′
∗)]. Thus it
suffices to show that
[cmin, cmax] =
⋃
τ∗∈τ(S∗)∋i0(τ∗)=0
[m0(τ∗),m1(τ∗)]
Fix τ0∗ ∈ τ(S∗) such that i0(τ
0
∗ ) = 0, then m1(τ
0
∗ )−m0(τ
0
∗ ) = n+r+s0(τ∗)−2 ≥ s0(τ∗)+1 ≥ 1.
Consider the sets [m0(τ∗),m1(τ∗)] with i0(τ∗) = 0 as τj varies. For 1 ≤ j ≤ s, both m1(τ∗) and
m0(τ∗) are locally constant as τj varies over τ(Sj)\Z except for a finite number of jumps of size
1. For s+1 ≤ j ≤ t, as τj varies over τ(Sj) both m0(τ∗) and m1(τ∗) are locally constant except
for a finite number of jumps of size 1, though the jumps of m0(τ∗) are disjoint from those of
m1(τ∗). It follows that for each j,
⋃
τj∈τ(Sj)∋i0(τ∗)=0
[m0(τ∗),m1(τ∗)] is connected and contains
[m0(τ
0
∗ ),m1(τ
0
∗ )]. Thus
⋃
τ∗∈τ(S∗)∋i0(τ∗)=0
[m0(τ∗),m1(τ∗)] is connected and therefore⋃
τ∗∈τ(S∗)∋i0(τ∗)=0
[m0(τ∗),m1(τ∗)] = [cmin, cmax] ⊆ Tstr(M ;Tr;J ;S∗) ⊂ (cmin − 1, cmax + 1)
Suppose that Tstr(M ;Tr;J ;S∗) = [cmin, cmax]. If {cmin, cmax}∩Tstr(M ;Tr;J ;S∗) 6= ∅, then [BC,
Proposition A.4] implies that there is some τ∗ ∈ τ(S∗) such that i0(τ∗) = 0 and {m0(τ∗)} =
T (M ;Tr;J ; τ∗) = Tstr(M ;Tr;J ; τ∗), contrary to the fact that m1(τ∗)−m0(τ∗) ≥ 1. Thus [BC,
Proposition A.4] implies that Tstr(M ;Tr;J ;S∗) = (cmin, cmax).
Next suppose that Tstr(M ;Tr;J ;S∗) 6= [cmin, cmax]. It is not hard to see that
cmin = min{b0(τ∗)− (n+ r − 1) : τ∗ ∈ τ(S∗) ∋ i0(τ∗) = 0} = i1 −
r−1∑
j=1
⌊ζj⌋(2.5.1)
where i1 = |{j : 1 ≤ j ≤ s and ζj ∈ Z}|. Similarly
cmax = max{b0(τ∗) + s0(τ∗)− 1 : τ∗ ∈ τ(S∗) ∋ i0(τ∗) = 0} = s1 − 1−
r−1∑
j=1
⌊ηj⌋(2.5.2)
where s1 = |{j : s+ 1 ≤ j ≤ r − 1 and ηj ∈ Z}|.
Suppose that there is some τ∗ ∈ τ(S∗) such that (cmin − 1, cmin) ∩ T (J ; τ∗) 6= ∅. Then there is
a rational number η(τ∗) ∈ (cmin − 1, cmin) such that (cmin − 1, cmin] ∩ T (J ; τ∗) = [η(τ∗), cmin]
and by [BC, Theorem A.1], this implies that that s0(τ∗) = 0. Without loss of generality we
can suppose that for j ∈ J , τj ∈ Z if and only if 1 ≤ j ≤ i0(τ∗). Moreover, in this case we can
assume that τj = ζj as otherwise we would have m0(τ∗) > cmin by (2.5.1). By [BC, Appendix]
there are coprime integers 0 < A < N and a permutation (A1
N
, . . . , An
N
,
Bi0(τ∗)+1
N
, . . . , Br−1
N
, C
N
)
of (A
N
, 1− A
N
, 1
N
, . . . , 1
N
) such that
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(1) 1− Ai
N
< γi for 1 ≤ i ≤ n;
(2) 1−
Bj
N
< τj−⌊τj⌋ for all i0(τ∗)+1 ≤ j ≤ s and 1−
Bj
N
≤ τj−⌊τj⌋ for all s+1 ≤ j ≤ r−1;
(3) 1− C
N
= η(τ∗)− (cmin − 1).
Now choose τ ′1, . . . , τ
′
i0(τ∗)
such that τ ′j ∈ (ζj − 1, ζj) ∩ τ(Sj) and 1−
1
N
< τ ′j −
⌊
τ ′j
⌋
for 1 ≤ j ≤
i0(τ∗) and define τ
′
∗ by replacing the τj by τ
′
j for 1 ≤ j ≤ i0(τ∗). Then the reader will verify
that i0(τ
′
∗) = 0 and η(τ
′
∗) ≤ η(τ∗). Hence,
Tstr(M ;Tr;J ;S∗) ∩ (cmin − 1, cmin) =
⋃
τ∗∈τ(S∗)∋i0(τ∗)=0
(
T (M ;Tr;J ; τ∗) ∩ (cmin − 1, cmin)
)
Suppose then that (cmin − 1, cmin)∩T (M ;Tr;J ; τ∗) 6= ∅ where i0(τ∗) = 0, then cmin = b0(τ∗)−
(n + r − 1). If ζj ∈ Z for some s + 1 ≤ j ≤ r − 1 then we must have τj = ζj by (2.5.1), and
therefore s0(τ∗) > 0, a contradiction. Thus ζj 6∈ Z for s+1 ≤ j ≤ r−1 and τj ∈ τ(Sj)∩(⌊ζj⌋, ζj)
for such j. The reader will verify from the proof of Subcase 2.1 of the proof of [BC, Proposition
A.4] that (cmin − 1, cmin] ∩ T (M ;Tr;J ; τ∗) ⊆ (cmin − 1, cmin] ∩ T (M ;Tr;J ; ζ∗) where ζ∗ =
(ζ1, . . . , ζr−1) ∈ τ(S∗). Since T (M ;Tr;J ; ζ∗) ∩ (cmin − 1, cmin] = [η(ζ∗), cmin] it follows that
Tstr(M ;Tr;J ;S∗)∩(cmin−1, cmin] = [η(ζ∗), cmin]. Similarly Tstr(M ;Tr;J ;S∗)∩(cmin−1, cmin] =
(η(ζ∗), cmin].
The case where Tstr(M ;Tr;J ;S∗)∩ [cmax, cmax+1) 6= ∅ can be handled in the same way to show
that Tstr(M ;Tr;J ;S∗)∩[cmax, cmax+1) = [cmax, ζ(S∗)] and Tstr(M ;Tr;J ;S∗)∩[cmax, cmax+1) =
[cmax, ζ(S∗)) for some rational number ζ(S∗). This completes the proof when v(S∗) = 0.
The case that v(S∗) = 1 follows by applying the arguments of the case v(S∗) = 0 to S
h
∗ :=
{[α∗] ∈ S∗ : v([α∗]) = 0} and observing that [h] ∈ S(Tr) is detected. In particular if [h] ∈ Sj
then τ(Sj \ {[h]}) = (−∞, a] ∪ [b,∞) for some a, b ∈ R. Choose N ∈ N such that −N < a and
b < N , then for n > N set
T (M ;Tr;J ;S
+
∗ ) =
∞⋃
n=N
T (M ;Tr;J ;S
n,+
∗ )
where Sn,+∗ is S∗ with the j-th factor replaced by τ
−1([b, n]). We similarly define T (M ;Tr;J ;S
−
∗ )
by replacing the j-th factor by τ−1([−n, a]). From the arguments of the case v(S∗) = 0 we know
that T (M ;Tr;J ;S
n,±
∗ ) are closed intervals, which are obviously nested. Thus T (M ;Tr;J ;S
±
∗ )
are both intervals, and the reader will verify that
T (M ;Tr;J ;S
h
∗ ) = T (M ;Tr;J ;S
+
∗ ) ∪ T (M ;Tr;J ;S
−
∗ ) = (−∞, cmax] ∪ [cmin,∞)
for some cmax, cmin determined by choices of n for which (2.5.2) and (2.5.1) are maximal and
minimal. 
Corollary 2.3. D(M ;Tr;J ;S∗) is a closed, connected subset of the circle S(Tr) whose frontier
consists of rational slopes. If D(M ;Tr;S∗) is a non-degenerate interval, its endpoints are not
contained in Dstr(M ;Tr;S∗). 
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3. Horizontal foliations in Seifert manifolds
In this section M will be a Seifert fibered manifold with base orbifold B = P (a1, . . . , an) as in
§2.2. Denote by X → B a universal cover. Then int(X) ∼= R2 and π1(M) acts discontinuously
on X via the quotient homomorphism ϕ : π1(M)→ π1(M)/〈h〉 ≡ π1(B).
An important family of subgroups of H˜omeo+(S
1) correspond to the universal covers P˜SL(2,R)k
of the k-fold cyclic covers PSL(2,R)k of PSL(2,R) (k ≥ 1). These groups are conjugate in
Homeo+(R), though not in H˜omeo+(S1). More precisely, let Fk : R→ R be the homeomorphism
Fk(x) = kx. Then
P˜SL(2,R)k = F
−1
k P˜SL(2,R)Fk
Note that P˜SL(2,R)1 = P˜SL(2,R). The composition of conjugation with the cover P˜SL(2,R)→
PSL(2;R) is a universal covering homomorphism identifiable with the composition P˜SL(2,R)k −→
PSL(2,R)k → PSL(2;R).
An element of P˜SL(2,R)k is either elliptic, parabolic, or hyperbolic depending on whether its
image in PSL(2,R) has that property. Thus an element is elliptic if and only if it is conjugate
to a translation. The parabolic and hyperbolic elements of P˜SL(2,R) have integral translation
numbers, so the translation number of a parabolic or hyperbolic element of P˜SL(2,R)k is of the
form d
k
where d ∈ Z. The image in PSL(2,R) of an abelian subgroup of P˜SL(2,R)k consists
entirely of elliptics, or entirely of hyperbolics, or entirely of parabolics.
Given a homomorphism ρ : π1(M) → P˜SL(2,R)k which satisfies ρ(h) = sh(1), π1(M) acts
freely properly discontinuously on X × R via
γ · (x, t) = (ϕ(γ)(x), ρ(γ)(t))
The quotient map X×R→ X×ρR = (X×R)/π1(M) is a universal cover and (X×R)/π1(M)
is canonically identifiable with M in such a way that the lines {x} × R project to the Seifert
circles of M . The planes X × {t} project to a smooth horizontal foliation F(ρ) on M . (See
[BC, §6.3] for instance.)
Lemma 3.1. Let ρ : π1(M)→ P˜SL(2,R)k be a homomorphism such that ρ(h) = sh(1). Then
F(ρ) is a fibration with compact fibre if and only if the composition of ρ with the projection to
PSL(2,R)k is a finite cyclic group
3.
Proof. For each t ∈ R, let Stabρ(t) be the stabiliser of t under the action of π1(M) on R
determined by ρ and Stab∗ρ(t) the subgroup of π1(M) generated by Stabρ(t) and 〈h〉. Then
Stab∗ρ(t) is the stabilizer of the image of t in the circle under the action of π1(M) determined
by the composition of ρ with the cover ψ : P˜SL(2,R)k → PSL(2,R)k. Clearly there is a
homomorphism ρ¯ : π1(B)→ PSL(2,R)k such that ψ ◦ ρ = ρ¯ ◦ ϕ.
Since ρ(h) = sh(1), Stabρ(t) ∩ 〈h〉 = {1}, and therefore ϕ|Stabρ(t) is one-to-one. In particular,
ϕ(Stabρ(t)) is torsion free, so X/ϕ(Stabρ(t)) is a surface. By construction, X/ϕ(Stabρ(t)) ×
{t} = (X × {t})/Stabρ(t) embeds in M = X ×ρ R.
3The latter occurs if and only if the further projection to PSL(2,R) is a finite cyclic group
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If the image of ψ ◦ ρ is a finite cyclic group, then the kernel of this composition, which is
contained in Stab∗ρ(t), is of finite index in π1(M). Thus X/ϕ(Stabρ(t)) is a compact surface,
call it F . Further, the image of ρ consists of elliptics, so Stabρ(t) is independent of t. Thus
F(ρ) is a foliation by horizontal surfaces, each homeomorphic to F . It follows that F(ρ) is a
fibration.
Conversely, suppose that F(ρ) is a fibration with fibre F . Then for each t ∈ R, ϕ(Stabρ(t)) is a
subgroup of π1(B) whose index d = χ(F )/χ(B) is independent of t. Thus there are only finitely
many possibilities for ϕ(Stabρ(t)).
Consider a conjugate of ϕ(Stabρ(t)) in π1(B), say xϕ(Stabρ(t))x
−1 where x ∈ π1(B). Fix ξ ∈
π1(M) which projects to x. Then Stabρ(ρ(ξ)(t)) = ξStabρ(t)ξ
−1, and therefore ϕ(Stabρ(ρ(ξ)(t)))
= xϕ(Stabρ(t))x
−1, so the set of images in π1(B) of stabilisers of points of R is invariant under
conjugation. As they each have fixed index d in π1(B), their intersection is a finite index normal
subgroup of π1(B). Clearly this intersection is the kernel of ρ. But then if ξ ∈ Stabρ(t), there
is some n ≥ 1 such that ξn ∈ ker(ρ). It follows that ξ ∈ ker(ρ) (i.e. P˜SL(2,R)k is torsion
free). Thus Stabρ(t) = ker(ρ) for all t. In particular, ϕ(ker(ρ)) has index d in π1(B). But since
(ρ¯ ◦ ϕ)(ker(ρ)) = (ψ ◦ ρ)(ker(ρ)) = {1}, the image of ρ¯ is a finite subgroup of PSL(2,R)k, and
therefore finite cyclic. 
Lemma 3.2. Suppose that ρ : π1(M)→ P˜SL(2,R)k is a representation satisfying ρ(h) = sh(1)
such that ρ has nonabelian image or there is some γ ∈ π1(M) such that ρ(γ) has irrational
translation number. Given T ⊂ ∂M , if ρ|π1(T ) consists of translations by rational numbers,
then the number of components of L ∩ T is infinite for the generic leaf L of F(ρ).
Proof. First suppose that ρ has nonabelian image. A subgroup of P˜SL(2,R)k consisting of
elliptics is conjugate in P˜SL(2,R)k into the group of translations. (See [Bn, Theorem 4.3.7].)
Thus as the image of ρ is non-abelian, there is a γ ∈ π1(M) such that ρ(γ) is parabolic or
hyperbolic. Denote by f the associated element of Diff+(R). Then f has finitely many fixed
points in R/Z and if t ∈ R is not such a fixed point, the sequence {f j(t)} converges in R/Z to
one of them.
Fix a boundary component K0 of X whose image in B is contained in the image of T under the
quotient M → B. For each t ∈ R, the image of K0 × {t} is contained in T and is a boundary
component of a leaf of F(ρ). Hence it is a circle Ct. There is an integer m ≥ 1 (depending on
the slope of Ct on T ) such that Ct = Ct′ if and only if m(t− t
′) ≡ 0 (mod 1).
For j ∈ Z let Kj = ϕ(γ)−j(K0) be the image of K0 under the action by deck transformations
of π1(B) = π1(M)/〈h〉 on X. For each t ∈ R and j ∈ Z, Kj ×{t} is contained in X×{t} and so
their images in M are contained in a leaf Lt of F(ρ). On the other hand, since γ
j(Kj × {t}) =
K0 × {f
j(t)}, Lt contains Cfj(t) for all j. We noted above that for generic t, the sequence
{f j(t)} converges in R/Z. We also noted that Ct = Ct′ if and only if m(t− t′) ≡ 0 (mod 1). It
follows that for generic t, the number of components of Lt ∩ T is infinite.
A similar proof works when there is some γ ∈ π1(M) such that f = ρ(γ) has irrational trans-
lation number. For in this case, the sequence {f j(t)} is dense in R/Z for each t ∈ R. 
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4. Adding holonomy
Throughout this section M will denote a piece of graph manifold rational homology solid torus
(cf. §2.2) with boundary components T1, . . . , Tr and base orbifold B. We use X → B to denote
a universal cover.
4.1. Interval hyperbolic foliations. For each positive integer k let IH∞(k) be the set of
orientation-preserving diffeomorphisms f : S1 → S1 whose fixed point set consists of 2k disjoint
closed non-degenerate intervals and for which f is alternately increasing or decreasing on the
2k complementary open intervals.
For a positive integer k we say that a codimension one foliation F on a torus T is (smoothly)
k interval-hyperbolic if it is diffeomorphic to the suspension foliation F(f) on T (f) of a home-
omorphism f ∈ IH∞(k).
The goal of this section is to prove the following proposition whose proof follows immediately
from Propositions 4.2, 4.5, and 4.6.
Proposition 4.1. Let M be a Seifert manifold as in §2.2 which admits a smooth, co-oriented
taut foliation F . Suppose, additionally, that if F has a compact horizontal leaf F then |∂M |+
|∂F | ≥ 3. Then given an odd integer k ≫ 0, there is a smooth co-oriented taut foliation F ′
on M which detects [α∗(F)] such that for 1 ≤ i ≤ r the foliation F
′|Ti is k-interval hyperbolic
whenever [αi(F)] is rational. 
4.2. Adding holonomy in the horizontal non-fibred case. Suppose that [α∗] is a hor-
izontal element of S(M) and ρ : π1(M) → P˜SL(2,R)k such that ρ(h) = sh(1) and [α∗] is
F(ρ)-detected. (So the base orbifold of M is orientable by [BC, Proposition 6.5].) According to
[BC, Proposition A.8], we can assume that F(ρ) is either elliptic or hyperbolic on each compo-
nent of ∂M . Assume as well that F(ρ) is not a fibration. According to Lemma 3.1, the image
of ρ is either
• non-abelian, or
• consists of elliptics at least one of which has irrational translation number, or
• consists of hyperbolics and elements of the centre of P˜SL(2,R)k.
Proposition 4.2. Let M be a Seifert manifold with non-empty boundary and suppose that
ρ : π1(M) → P˜SL(2,R)j is as above and that F(ρ) is not a fibration. Then for each odd
k ≥ 1 and every sequence 1 ≤ i1 < i2 < . . . < is ≤ r such that F|Til is elliptic of rational
slope for 1 ≤ l ≤ s, there exists a smooth, co-oriented, horizontal foliation F ′ on M such that
[α∗(F
′)] = [α∗(F(ρ))], F
′|Til is k-interval hyperbolic for 1 ≤ l ≤ s, and F
′|Ti = F|Ti for
i 6∈ {i1, i2, . . . , is}.
Proof. Without loss of generality, we may suppose that il = l for each l.
From above we know that the image of ρ is either non-abelian or consists of elliptics at least
one of which has irrational translation number. Hence Lemma 3.2 implies that for 1 ≤ i ≤ s,
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the number of components of L ∩ Ti is infinite for the generic leaf L of F(ρ). Fix disjoint
leaves L1, L2, . . . , Ls such that for 1 ≤ l ≤ s, Ll ∩ Tl consists of infinitely many circles of slope
[αl(F(ρ))].
Consider a smooth arc A properly embedded in L1 which runs between distinct components
of L1 ∩ T1. Since F(ρ) is horizontal, A can be extended to a smooth vertical surface A × I,
where A = A × {12}, A × {t} is contained in a leaf of F(ρ) for each t ∈ I, and {x} × I is
contained in a Seifert fibre of M for each x ∈ A. We can assume, moreover, that there are
disjoint annular regions B0, B1 of T1, each foliated by circles of F(ρ) ∩ T1 and each containing
one of the components a of (A× I) ∩ T1 as a properly embedded arc.
Fix an orientation-preserving diffeomorphism h of the unit interval I which is strictly increasing
on (0, 1) and
h(n)(0) = h(n)(1) =
{
1 if n = 1
0 if n > 1
Let f be one of the diffeomorphisms h or h−1 and cutM open along A×I then reglue according
to the rule (x, t) 7→ (f(x), t) for (x, t) ∈ A × I (cf. [Ga, Operation 2.2]). This operation
transforms F(ρ) into a new (smoothable) horizontal foliation F1 on M which can be assumed
to differ from F(ρ) only in an arbitrarily small neighbourhood of A×I. Further, its restrictions
to B0 and B1 are suspensions of h or h
−1. By performing this operation on an appropriately
chosen finite family of disjoint, smooth, properly embedded arcs in L1, we can produce a
smooth foliation F1 on M such that [α∗(F1)] = [α∗(F(ρ))], F
′|T1 is k-interval hyperbolic, and
F ′|Ti = F|Ti for 2 ≤ i ≤ r. Choosing appropriate arcs in L2, . . . , Ls and performing similar
modifications to F in disjoint neighbourhoods of those arcs completes the proof. 
Addendum 4.3. If, in the proposition above, F(Tjl) is cl-hyperbolic for 1 ≤ j1 < j2 < . . . <
jt ≤ r, then for each c
′
i ≥ ci we can produce a co-oriented horizontal foliation F
′ on M such
that [α∗(F
′)] = [α∗(F(ρ))], F
′|Til is kl-interval hyperbolic for 1 ≤ l ≤ s, F
′|Tjl is c
′
l-interval
hyperbolic for 1 ≤ l ≤ t, and F ′|Ti = F|Ti otherwise. Such a foliation cannot be assumed
smooth since the proof involves thickening leaves, which does not preserve smoothness (cf.
[BC, Lemma 6.10]).
4.3. Adding holonomy in the compact leaf case. In this section we prove Proposition 4.1
in the case that M admits a smooth foliation with a compact leaf. See Propositions 4.5 and
4.6. First though, we show how to obtain foliations with hyperbolic behaviour on the boundary
of M .
Proposition 4.4. Let M be a Seifert manifold as in §2.2 which admits a smooth, co-oriented
taut foliation F with a compact leaf F such that |∂M | + |∂F | ≥ 3. Then there is a smooth
co-oriented taut foliation on M which detects [α∗(F)] and is hyperbolic on each component of
∂M .
Proof. First assume that F is horizontal inM . ThenM fibres over the circle with fibre F and the
manifold obtained by cutting M open along n ≥ 1 fibres has n components, each diffeomorphic
to a product F × I. Further, a boundary component Tj of M is cut into n|∂F ∩ Tj | annuli.
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We can create holonomy in any of the product regions F × I as follows (cf. [Ga, Operation
2.2]). Given a smooth, properly embedded arc A in F running between distinct boundary
components C,C ′ of F and an orientation-preserving diffeomorphism f : I → I, cut F × I open
along A× I then reglue according to the rule (x, t) 7→ (f(x), t) for (x, t) ∈ A× I. The product
foliation on F × I is transformed into a new smoothable foliation of M which coincides with
the old one near
(
∂F \ (C ∪ C ′)
)
× I. On the other hand, the induced foliations on C × I
and C ′ × I are diffeomorphic to the suspension of f . Choosing a finite number of arcs whose
union contains points of each boundary component of F , we can produce a smooth, co-oriented
foliation on F × I which restricts to the suspension foliation of an increasing or decreasing
diffeomeorphism of I on each component of ∂F × I. Note that F × {0} and F × {1} are leaves
of the new foliation. After an appropriate choice of n, arcs A and diffeomorphisms f (either
strictly increasing or strictly decreasing) for each of the n copies of F × I, we can produce a
smooth co-oriented taut foliation on M which detects [α∗(F)] and which is hyperbolic on all of
the boundary components of M .
Next assume that F is vertical, and therefore an annulus. Without loss of generality we can
suppose that [αi(F)] is vertical if and only if 1 ≤ i ≤ s. Cut M open along a finite number
of vertical annuli as in the proof of [BC, Proposition 6.5] and fix a fibration on the resulting
manifold M ′ which detects [αi] on Ti for s + 1 ≤ i ≤ r. Add hyperbolic behaviour on the
boundary components of M ′ as in the previous paragraph. Finally we reglue and spin around
the vertical annuli to produce hyperbolic behaviour on the components of ∂M . 
Proposition 4.5. Let M be a Seifert manifold as in §2.2 which admits a smooth, co-oriented
taut foliation F with a compact leaf F such that |∂M |+ |∂F | ≥ 3. For each odd k ≥ 1, there is
a smooth co-oriented taut foliation on M which detects [α∗(F)] and is k-interval hyperbolic on
each component of ∂M .
Proof. Proceed as in the proof of Proposition 4.4, though when we construct the foliations on
the components F × I we choose arcs which are disjoint from certain boundary components of
F , thus leaving leaving the product foliation on these components of ∂F × I alone. The reader
will verify that if |∂M | + |∂F | ≥ 4, then for each integer k ≥ 1 we can choose n, the arcs, and
the diffeomorphisms f (as in the proof of Proposition 4.2) to create the appropriate interval
hyperbolic behaviour on T1, . . . , Tr while leaving the remaining boundary components alone.
On the other hand, if |∂M | + |∂F | = 3, so s = 1 and |∂F ∩ T1| = 2, we can only construct
k-interval hyperbolic behaviour on the boundary of T1 for odd k, owing to the relative position
on ∂M of the boundary components of a finite number of fibres of the fibration. 
Proposition 4.6. Let M be a Seifert manifold as in §2.2 and [α∗] ∈ S(M) such that v([α∗]) > 0
and is even if M has orientable base orbifold. Without loss of generality suppose that [αi] is
rational if and only if 1 ≤ i ≤ t and [αi] = [h] if and only if 1 ≤ i ≤ v = v([α∗]). Fix an odd
integer k ≥ 1. Then there is a smooth foliation F on M which detects [α∗] and which is k or
k + 2-interval hyperbolic on T1 and k-interval hyperbolic on Ti for 2 ≤ i ≤ t.
Proof. Let M1 = M if M has orientable base orbifold. Otherwise split M along a vertical
annulus A0 running from T1 to itself to produce a Seifert manifoldM1 with planar base orbifold.
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Then ∂M1 = T
′
1 ∪ T2 ∪ . . . ∪ Tr where T
′
1 = T1 when M has orientable base orbifold. When M
has a non-orientable base orbifold, T ′1 contains disjoint essential annuli A
+
0 , A
−
0 corresponding
to A0.
Fix a homomorphism ρ : π1(M1)→ P˜SL(2,R) such that the image of ρ consists of translations,
ρ(h) = sh(1), [αi(F(ρ))] = [αi] for s+1 ≤ i ≤ r, and [αi(F(ρ))] is rational for 3 ≤ i ≤ t. If [α∗]
is not rational this may require that [α1(F(ρ))] be irrational. If [α∗] is rational and v ≥ 2, we
can suppose that [α1(F(ρ))] and [α2(F(ρ))] are irrational.
Case 1. [α∗] is not rational or v ≥ 2.
Under these conditions, F(ρ) is not a fibration, so Proposition 4.2 implies that there exists a
smooth, co-oriented, horizontal foliation F1 on M1 such that [α∗(F1)] = [α∗(F(ρ))], F1|Ti =
F|Ti for 1 ≤ i ≤ v, and F1|Ti is k-interval hyperbolic for v + 1 ≤ i ≤ t.
Suppose that M has orientable base orbifold. Then M1 = M and v ≥ 2 is even. To build
F , spin F1 vertically around an appropriately chosen family of disjoint, properly-embedded,
vertical annuli running between T2i−1 and T2i for each i = 1, . . . , v/2 (cf. [BC, Lemma 6.5]) so
as to obtain the desired interval hyperbolic behaviour on T1, . . . , Tv . This operation leaves Fi
alone near Ti for v + 1 ≤ i ≤ r.
Suppose next thatM has non-orientable base orbifold and v is even. Choose a family of disjoint,
properly-embedded, vertical annuli running between T2i−1 and T2i in M1 for 2 ≤ i ≤ v/2 and
spin about them to fix things on T3, . . . , Tu. Next connect T1 and T2 by two disjoint, properly-
embedded, vertical annuli A+, A−, disjoint the previous chosen ones, such that the union of
A+, A− and an annulus in T2 is (non-ambiently) isotopic to A
+
0 . Now spin appropriately about
k parallel copies of A+ and k parallel copies of A− and reglue A
+
0 to A
−
0 to reform M in order
to obtain k-interval hyperbolic behaviour on T1 and T2.
Finally suppose that M has non-orientable base orbifold and v is odd. Choose an appropriate
family of disjoint, properly-embedded, vertical annuli running between T2i and T2i+1 in M1 for
1 ≤ i ≤ (v − 1)/2 and spin vertically around them to fix things on T2, . . . , Tv. Now reglue A
+
0
to A−0 to reform M and spin about k parallel copies of A0 to fix things on T1.
Case 2. [α∗] is rational and v = 1.
Since v = 1, M has non-orientable base orbifold, and since [α∗] is rational, F(ρ) is a fibration
on M1 (Lemma 3.1).
If r = 1, reglue A+0 to A
−
0 to reform M and spin about k parallel copies of A0 to arrange for
k-interval hyperbolic behaviour on T1.
Next suppose that r > 1 and let F be a fibre of the fibration F(ρ). If (r−1)+
∑r
i=2 |∂F ∩Ti| ≥ 3
we can spin about k parallel copies of A0 to fix things on T1 and then use the argument of the
proof of Proposition 4.5 applied to F(ρ) and the tori T2, . . . , Tr to complete the proof.
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Finally suppose that r > 1 and (r − 1) +
∑r
i=2 |∂F ∩ Ti| ≤ 2. Then r = 2 and |∂F ∩ T2| = 1.
Use the same argument to arrange k-interval hyperbolic behavior on T ′1 and T2. Then reglue
A+0 to A
−
0 to reform M and spin about k parallel copies of A0 to fix things on T1. 
5. Slope detection for graph manifold rational homology solid tori
In this section we derive characterisations of slope detection (Theorem 5.1) and strong slope
detection (Theorem 5.3) in graph manifold rational homology solid tori. These are used in §5.3
to study the space of detected slopes of a graph manifold rational homology solid torus.
Throughout we fix a graph manifold rational homology solid torus V with JSJ piecesM1, . . . ,Mn
where M1 is the piece containing ∂V . Let T (V ) = {T0 = ∂V, T1, T2, . . . , Tm} where T1, . . . , Tm
are the JSJ tori of V . Then S(T (V )) = S(V ) × S(T1) × . . . × S(Tm) projects onto S(Mi) for
each i. For [α∗] ∈ S(T (V )) we use
[α
(i)
∗ ] ∈ S(Mi)
to denote this projection and call [α∗] gluing coherent if [α
(i)
∗ ] is detected for all i.
5.1. A characterisation of detected slopes on the boundary of graph manifold ra-
tional homology solid tori. We take the convention in this and the next subsection that the
parenthetical phrases in the statements of results are to be either simultaneously considered or
simultaneously ignored.
Theorem 5.1. Let V be a graph manifold rational homology solid torus and fix [α] ∈ S(V ).
Then V admits a (horizontal) co-oriented taut foliation which detects [α] if and only if [α]
extends to a (horizontal) gluing coherent element [β∗] ∈ S(T (V )).
Proof. Without loss of generality we can suppose that n > 1.
The forward implication of (1) is straightforward; a (horizontal) co-oriented taut foliation F
on V can be isotoped so that it is transverse to T (V ) and intersects each Mi in a (horizontal)
co-oriented taut foliation. Hence it determines a (horizontal) gluing coherent element [β∗] ∈
S(V ;T ) which extends [α].
Conversely suppose that [α] extends to a gluing coherent (horizontal) element [β∗] ∈ S(T (V )).
Our first task is to modify [β∗] (rel [α]) so that we can apply the results of §4.
Suppose that v([β
(i)
∗ ]) is odd for some i such that Mi has an orientable base orbifold. In this
case v([β
(i)
∗ ]) ≥ 3 by [BC, Proposition 6.5]. Without loss of generality we can suppose that
∂Mi = T ∪T1 ∪ . . .∪Tr where T is either ∂V or the JSJ torus in ∂Mi which separates Mi from
∂V . Then V = U ∪ V1 ∪ . . . ∪ Vr where
• U is empty if T = ∂V and is the connected graph submanifold of V with boundary
∂V ∪ T otherwise;
• V1, . . . , Vr are the graph manifold rational homology solid tori in V such that ∂Vj = Tj .
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We can suppose that i is chosen so that U contains no piecesMj with v([β
(j)
∗ ]) odd and orientable
base orbifold. Since V is a rational homology solid torus, there is at most one j ∈ {1, . . . , r}
such that [βj ] is the rational longitude of Vj. Thus, as r ≥ v([β
(i)
∗ ])−1 ≥ 2, there is a j such that
[βj ] 6= [λVj ]. Then by [BC, Lemma 10.3], there is another gluing coherent family of (horizontal)
slopes [β′∗] which extends [α], agrees with [β∗] on the JSJ tori of V contained in V \ Vj, and
for which v([(β′∗)
(i)]) = v([β
(i)
∗ ])− 1. Since the graph of the V is a tree rooted at its outermost
piece, it is easy to see that we can continue to make such modifications without affecting those
already made, and thus arrive at an extension of [α], which we continue to denote by [β∗],
such that v([β
(i)
∗ ]) is even whenever it is positive and Mi has an orientable base orbifold. By
the proof of [BC, Lemma 10.2], we can also assume that the components of [β∗] corresponding
to the JSJ tori of V are rational. We can now use Proposition 4.1 to choose co-oriented taut
foliations on the pieces of V which piece together (cf. Lemma 6.9 of [BC]) to form a co-oriented
taut foliation on V which detects [α]. This completes the proof. 
Corollary 5.2. Suppose that ∂M1 = ∂V ∪ T1 ∪ . . . ∪ Tr where r ≥ 0 and Vj is the graph
manifold rational homology solid torus in V bounded by Tj (1 ≤ j ≤ r). Set Dj = D(Vj) and
D∗ = D1 × . . .×Dr. Then
(1) D(V ) = D(M1; ∂V ; ∅;D∗).
(2) D(V ) is a closed, connected subset of the circle S(∂V ) whose frontier consists of rational
slopes.
(3) [λV ] ∈ D(V ).
Proof. We proceed by induction on the number n of pieces of V . If n = 0 the identity D(V ) =
D(M1; ∂V ; ∅;D∗) is obvious while assertion (2) follows from Corollary 2.3. Finally assertion (3)
is a consequence of [BC, Proposition 6.5 and Corollary A.7].
Suupose that n > 0. Theorem 5.1 implies that D(V ) = D(M1; ∂V ; ∅;D∗). By induction, each
Dj is a closed, connected subset of the circle S(∂V ) which contains [λVj ] and whose frontier
consists of rational slopes. Corollary 2.3 then implies that D(V ) = D(M1; ∂V ; ∅;D∗) is a closed,
connected subset of the circle S(∂V ) whose frontier consists of rational slopes. To complete the
induction we must show that [λV ] ∈ D(V ).
Let F be a compact, connected, orientable, incompressible surface in V whose oriented boundary
consists of like-oriented curves of slope [λV ]. Assume, moreover, that F is chosen to intersect
the JSJ tori of V minimally amongst all such surfaces. Then for each j, F ∩ ∂Vj is either
empty or consists of curves of slope [λVj ], while F ∩M is an essential surface in M1, and so is
either horizontal or vertical. In the former case, M1 fibres over the circle with fibre F ∩M1, so
([λV ], [λV1 ], . . . , [λVr ]) is foliation detected in M1. On the other hand, if F ∩M1 is vertical, it
is an annulus and [BC, Proposition 6.5] implies that ([λV ], [λV1 ], . . . , [λVr ]) is foliation detected
in M1. In either case, it follows from Theorem 5.1 and our inductive hypothesis that [λV ] is
foliation detected in V . 
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5.2. A characterisation of strongly detected slopes on the boundary of graph man-
ifold rational homology solid tori.
Theorem 5.3. Let V be a graph manifold rational homology solid torus and fix [α] ∈ S(V ).
Assume that if [α] is rational and horizontal and M1([α]) fibres over the circle with fibre F such
that |∂F | = 1 and [∂F ] is not strongly detected in V1 = V \M1, then neither of the following
occurs
• M1 is a cable space and ∆([α], h) = 1, so M1([α]) ∼= S
1 ×D2;
• M1 has base orbifold an annulus with cone points and D(V1) = {[∂F ]}, so [α] = [λV ].
Then V admits a (horizontal) co-oriented taut foliation which strongly detects [α] if and only if
[α] extends to a (horizontal) gluing coherent element [β∗] such that [β
(1)
∗ ] ∈ Dstr(M1; ∂V ).
Remark 5.4. Suppose that [α] is rational and horizontal and M1([α]) fibres over the circle
with fibre F such that |∂F | = 1 and [∂F ] is not strongly detected in V1 = V \M1. Since the
only co-oriented taut foliation on S1 ×D2 is the fibration by disks, if M1([α]) ∼= S
1 ×D2, then
[α] is not strongly detected in V even if it extends to a (horizontal) gluing coherent element [β∗]
such that [β
(1)
∗ ] ∈ Dstr(M1; ∂V ;J ; [α∗]). Thus these cases must be excluded from the theorem.
(This corresponds to the notion of “gluing obstructed” in [BC].) On the other hand, it is not
clear to us exactly when the exclusion of the case that M1 has base orbifold an annulus with
cone points, D(V1) = {[∂F ]} and Dstr(V1) = ∅ is necessary. The problem is to understand when
the rational longitude of M1([α]) is detected by a smooth foliation with hyperbolic behavior on
∂M1([α]). This is not always possible when we restrict to transversely projective foliations.
Proof of Theorem 5.3. Without loss of generality we can suppose that n > 1.
As in the proof of Theorem 5.1, a (horizontal) co-oriented taut foliation F on V which strongly
detects [α] determines a (horizontal) gluing coherent element [β∗] which extends [α] such that
[β
(1)
∗ ] ∈ Dstr(M1; ∂V ).
Consider the converse and fix a (horizontal) gluing coherent element [β∗] which extends [α] such
that [β
(1)
∗ ] ∈ Dstr(M1; ∂V ). The proof of Theorem 5.1 implies that detected irrational slopes
are strongly detected. (The foliations which detect a given slope are obtained by modifying
certain model foliations on the pieces. The model foliations strongly detect irrational slopes
and the modifications do not alter the foliations near boundary components for which the
slope is irrational.) Thus we can suppose that [α] is rational. We can also suppose that [α] is
horizontal as otherwise V would be the twisted I bundle over the Klein bottle ([BC, Lemma
6.4]), contradicting the assumption that n > 1. Then M1([α]) is Seifert fibred and as n > 1,
M1([α]) is irreducible. Since [β
(1)
∗ ] ∈ Dstr(M1; ∂V ), there is a foliation F0 on M1([α]) which
detects the projection of [β∗] to S(M1([α])). Given the cases for M1 that we have excluded,
Proposition 4.1 implies that for any odd k ≫ 0 we can suppose that F0 is k-interval hyperbolic
on ∂M1([α]). The same result allows us to choose co-oriented taut foliations on the pieces
of V \M1 which piece together (cf. Lemma 6.9 of [BC]) with F0 to form a co-oriented taut
foliation on V which strongly detects [α]. This completes the proof. 
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Corollary 5.5. Suppose that ∂M1 = ∂V ∪ T1 ∪ . . . ∪ Tr where r ≥ 0 and Vj is the graph
manifold rational homology solid torus in V bounded by Tj (1 ≤ j ≤ r). Set Dj = D(Vj)
and D∗ = D1 × . . . × Dr−1. Then D(V ) \ Dstr(V ) is finite and consists of rational slopes.
Further, Dstr(V ) = Dstr(M1; ∂V ;D∗) unless, perhaps, one of the following situations involving
V1 = V \M1 arises:
(a) M1 is a cable space and there is a rational, horizontal slope [α] ∈ Dstr(M1; ∂V ;D∗) such
that M1([α]) ∼= S
1 ×D2 and the meridional slope of M1([α]) is not strongly detected in V1.
(b) [α] = [λV ], |∂M1| = 2, say ∂M1 = ∂V ∪ T , M1 fibres over the circle with fibre F such that
|∂F ∩ T | = 1, [∂F ] is not strongly detected in V1, and D(V1) = {[∂F ]}.
Proof. Theorem 5.3 implies that Dstr(V ) = Dstr(M1; ∂V ;D∗) if we exclude cases (a) and (b),
so we need only prove that D(V ) \ Dstr(V ) is finite in the general case. (Rationality comes for
free since irrational slopes are always strongly detected.) Corollary 5.2 implies that each Dj is
a closed, connected subset of the circle S(∂Vj) whose frontier consists of rational slopes.
If we are not in case (a) or (b) of the corollary’s statement, then Dstr(V ) = Dstr(M1; ∂V ;D∗) ⊆
D(M1; ∂V ;D∗) = D(V ) so that D(V )\Dstr(V ) = D(M1; ∂V ;D∗)\Dstr(M1; ∂V ;D∗). The latter
is finite by Theorem 2.2. In general, Theorem 5.3 implies that D(V )\Dstr(V ) is contained in the
union of {[λV ]}, the finite set D(M1; ∂V ;D∗) \ Dstr(M1; ∂V ;D∗), and the set slopes [α] which
satisfy (a). In the latter case, V =M1 ∪T1 V1 where M1 is a cable space, [α] is a rational slope
such that M1([α]) ∼= S
1×D2, and the meridional slope [α1] of M1([α]) is not strongly detected
in V1. SinceM1([α]) ∼= S
1×D2, [α1] is the unique slope in D(M1;T1; ∂V ; [α]) = Dstr(M1([α])) =
D(M1([α])). Thus ([α], [α1]) is the unique pair of slopes on ∂M1 which is detected in M1 in
such a way that [α] is strongly detected. By hypothesis, [α1] ∈ D(V1) \ Dstr(V1), and since
D(V1) \ Dstr(V1) is finite (by our induction hypothesis), the set of all slopes [α] on ∂V which
satisfy (a) is finite. Hence D(V ) \ Dstr(V ) is finite. 
5.3. The space of detected slopes of a graph manifold rational homology solid torus.
As above, V is a graph manifold rational homology solid torus. We denote by [h] ∈ S(∂V ) the
slope of the Seifert fibre of M1. Note that V \M1 is a disjoint union of r ≥ 0 graph manifold
rational homology solid tori V1, . . . , Vr.
The next theorem and its corollary yield a refined version of Theorem 1.2.
Theorem 5.6. Let V be as above. Assume that if [α] is rational and horizontal and M1([α])
fibres over the circle with fibre F such that |∂F | = 1 and [∂F ] is not strongly detected in
V1 = V \M1, then neither of the following occurs
• M1 is a cable space and ∆([α], h) = 1, so M1([α]) ∼= S
1 ×D2;
• M1 has base orbifold an annulus with cone points and D(V1) = {[∂F ]}, so [α] = [λV ].
Then
(1) D(V ) is a closed, connected subset of the circle S(∂V ) whose frontier consists of rational
slopes. Further, [λV ] ∈ D(V ).
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(2) If M has base orbifold Q(a1, . . . , an) then
(a) D(V ) =


{[h]} if there is no j such that [h] ∈ D(Vj)
S(∂V ) if there is a j such that [h] ∈ D(Vj)
(b) Dstr(V ) =


{[h]} if M ∼= N2
∅ if there is no j such that [h] ∈ D(Vj) and M 6∼= N2
S(∂V ) \ {[h]} if there is a j such that [h] ∈ D(Vj)
(3) If M has base orbifold P (a1, . . . , an) and
(a) [h] 6∈ D(Vj) for each j, then S(Tr;S∗) is a non-empty interval of horizontal slopes.
Further either
(i) Dstr(V ) = D(V ) consists of a single rational slope, or
(ii) (D(V ),Dstr(V )) ∼= ([0, 1], (0, 1)).
(b) [h] ∈ D(Vj) for exactly one j then D(V ) is a closed, connected subset of S(∂V ) containing
{[h]}. Further, Dstr(V ) = int(D(V )) \ {[h]}
(c) [h] ∈ D(Vj) for exactly two or more j then D(V ) = S(∂V ) and Dstr(V ) = S(∂V )\{[h]}.
Proof. If M1 = V the result follows from [BC]. Suppose that the theorem holds for all graph
manifold rational homology solid tori having fewer Seifert fibred pieces than V . Set Dj =
D(Vj) and D∗ = D1 × . . . × Dr−1. Corollaries 5.2 and 5.5 show that D(V ) = D(M1; ∂V ;D∗)
and Dstr(V ) = Dstr(M1; ∂V ;D∗). Since the frontier of each Dj is rational and [λV ] ∈ D(V )
(Corollary 5.2), Theorem 5.6 now follows from the Theorem 2.2.

Corollary 5.7. Let V be as above.
(1) D(V ) \ Dstr(V ) is finite and if D(V ) is a non-degenerate interval, then its endpoints are
rational and not contained in Dstr(V ).
(2) Assume that if [α] is rational and horizontal, M1([α]) fibres over the circle with fibre F such
that |∂F | = 1 and [∂F ] is not strongly detected in V1 = V \M1, then neither of the following
occurs
• M1 is a cable space and ∆([α], h) = 1 (so M1([α]) ∼= S
1 ×D2);
• M1 has base orbifold an annulus with cone points and D(V1) = {[∂F ]}, (so [α] = [λV ]);
(a) If M has base orbifold Q(a1, . . . , an) then
D(V ) \ Dstr(V ) =


∅ if V ∼= N2
{[h]} if V 6∼= N2
SLOPE DETECTION, FOLIATIONS IN GRAPH MANIFOLDS, AND L-SPACES 20
(b) If M has base orbifold P (a1, . . . , an) then
D(V ) \ Dstr(V ) =


∅ if D(V ) = {[λV ]}
fr(D(V )) if D(V ) 6= {[λV ]} and [h] 6∈ D(Vj) for each j
fr(D(V )) ∪ {[h]} if D(V ) 6= {[λV ]} and [h] ∈ D(Vj) for some j
(c) If [h] ∈ D(V ) \ Dstr(V ) then either M has base orbifold Q(a1, . . . , an) and V 6∼= N2 or M
has base orbifold P (a1, . . . , an) and [h] ∈ D(Vj) for some j. 
6. Graph manifold rational homology solid tori with degenerate sets of
detected slopes
In this section we consider the degenerate case of graph manifold rational homology solid tori
V for which D(V ) is a point. In this case, D(V ) = {[λV ]} by Corollary 5.2. Throughout we
take M to be the piece of V which contains ∂V .
Suppose that ∂V, T1, . . . , Tr are the boundary tori of M and V1, . . . , Vr the graph manifold
rational homology solid tori in V where Ti = ∂Vi. Set
D∗ = D(V1)× . . .×D(Vr)
and recall that v(D∗) = |{j : [h] ∈ D(Vj)}|.
Lemma 6.1. Let V be a graph manifold rational homology solid torus which admits a co-
oriented taut foliation and suppose that M,Ti, Vi are as above.
(1) If M has base orbifold Q(a1, . . . , an), then D(V ) = {[λV ]} if and only if v(D∗) = 0.
(2) If M has base orbifold P (a1, . . . , an) and [λV ] is horizontal in M , then D(V ) = {[λV ]} if
and only if v(D∗) = 0, D(Vi) = {[λVi ]} for each i, and D(M ;T ; ([λV1 ], . . . , [λVr ])) = {[λV ]}. In
this case M fibres over the circle with fibre which detects ([λV ], [λV1 ], . . . , [λVr ]).
(3) If M has base orbifold P (a1, . . . , an) and [λV ] is vertical in M , then D(V ) = {[λV ]} if and
only if v(D∗) = 1 and if i is the index for which [h] ∈ D(Vi), then D(Vi) = {[h]}.
Proof. Recall from Corollary 5.2 that D(V ) = D(M ;T ;D∗).
When M has base orbifold Q(a1, . . . , an), Theorem 2.2 implies that
D(M ;T ;D∗) =


{[h]} if v(D∗) = 0
S(Tr) if v(D∗) > 0
which shows that assertion (1) holds.
Suppose that M has base orbifold P (a1, . . . , an) and [λV ] is horizontal in M . If D(V ) =
{[λV ]}, then Theorem 5.1 combines with the method of proof of Case 2 of the proof of [BC,
Lemma 10.3] to show that if the closed, connected subset D(Vi) of the circle S(Vi) is not
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{[λVi ]}, then D(V ) 6= {[λV ]}. Thus D(Vi) = {[λVi ]} for each i. Hence {[λV ]} = D(V ) =
D(M ;T ; ([λV1 ], . . . , [λVr ])) = {[λV ]}. Further, Theorem 2.2 shows that v(D∗) ≤ 1. The case
that v(D∗) = 1 is impossible as it implies that [h] ∈ D(M ;T ;D∗) = {[λV ]} (cf. Lemma 6.5
of [BC]). Thus v(D∗) = 0. The argument of the proof of [BC, Lemma 10.4] then shows
that M fibres over the circle with fibre which detects ([λV ], [λV1 ], . . . , [λVr ]). Conversely, if
v(D∗) = 0, D(Vi) = {[λVi ]} for each i, and D(M ;T ; ([λV1 ], . . . , [λVr ])) = {[λV ]}. Then D(V ) =
D(M ;T ;D∗) = D(M ;T ; ([λV1 ], . . . , [λVr ])) = {[λV ]}. Thus assertion (2) holds.
Finally suppose that M has base orbifold P (a1, . . . , an) and [λV ] is vertical in M . In this
case, Lemma 6.5 of [BC] implies that v(D∗) ≥ 1. If D(V ) = {[λV ]}, then Theorem 5.1(3)
shows that v(D∗) = 1 and combines with the method of proof of Case 1 of the proof of [BC,
Lemma 10.3] to show that if and if i is the index for which [h] ∈ D(Vi), then D(Vi) = {[h]}.
Conversely, suppose that v(D∗) = 1 and if and only if i is the index for which [h] ∈ D(Vi), then
D(Vi) = {[h]}. Lemma 6.5 of [BC] implies that {[λV ]} ⊆ D(V ) = D(M ;T ;D∗) = {[h]}. Thus
{[λV ]} = D(V ) = {[h]}. Thus assertion (3) holds. 
When D(V ) = {[λV ]} and V admits a horizontal co-oriented foliation, the topology if V is
strongly restricted.
Proposition 6.2. Let V be a graph manifold rational homology solid torus which admits a
horizontal co-oriented foliation and suppose that D(V ) = {[λV ]}.
(1) If U is a union of pieces of V which is connected and has connected boundary, then D(U) =
{[λU ]}. Moreover, [λU ] is horizontal in the piece of U incident to ∂U .
(2) V fibres horizontally over the circle with fibres which intersect the JSJ tori of V in foliations
by circles.
Proof. We proceed by induction on the number p of pieces of V .
When p = 1, V is Seifert and the result follows from [BC, Lemma 2.2 and the method of proof
of Proposition 6.13].
Suppose that p > 1 and recall that M is the outer piece of V with ∂M = ∂V ∪T1∪ . . .∪Tr and
V =M ∪ V1 ∪ . . . ∪ Vr where V1, . . . , Vr are disjoint rational homology solid tori with ∂Vi = Ti.
The method of proof of Lemma 10.3 of [BC] shows that if some D(Vi) 6= {[λVi ]} then D(V ) 6=
{[λV ]}. Thus D(Vi) = {[λVi ]} for each i and so by induction assertion (1) holds for V . Induction
also shows that each Vi fibres horizontally over the circle with fibres which intersect ∂Vi and the
JSJ tori of Vi in foliations by circles. Clearly, the fibration on Vi detects [λVi ]. The restriction
of F to M detects a horizontal element [α∗] ∈ S(M) and from above we can suppose that
[α∗] = ([λV ], [λV1 ], . . . , [λVr ])
On the other hand, there is a unique horizontal, primitive class β ∈ H1(∂V ) which is a rational
combination of λV1 , . . . , λVr . Hence there is a horizontal fibration onM which detects the slopes
[β] on T and [λVi ] on Ti. We can glue the fibration on M and those given inductively on the
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Vi together to produce a fibration on V which detects [β]. Our hypothesis that D(V ) = {[λV ]}
then implies that β = ±λV , which shows that assertion (2) holds. 
Though Proposition 6.2 fails when V admits no horizontal co-oriented foliation, the hypothesis
that D(V ) = {[λV ]} still places strong conclusions on the topology V in certain circumstances.
Proposition 6.3. Let V be a graph manifold rational homology solid torus and suppose that
D(U) = {[λU ]} for each graph manifold rational homology solid torus U ⊆ V which is a union
of pieces of V . Then there are smooth admissible foliations on the pieces of V which determine
a gluing coherent family of slopes for V and which restrict to hyperbolic foliations on each
boundary component of each piece of V .
Proof. Recall thatM is the outer piece of V with ∂M = ∂V ∪T1∪. . .∪Tr and V =M∪V1∪. . .∪Vr
where V1, . . . , Vr are disjoint rational homology solid tori with ∂Vi = Ti. By hypothesis, D(Vi) =
{[λVi ]}, so by induction, the proposition holds for each Vi. Thus to finish the proof it suffices
to construct a smooth foliation on M which detects [α∗] = ([λV ], [λV1 ], . . . , [λVr ]) and which
restricts to a hyperbolic foliation on each component of ∂M .
When V is Seifert (i.e. r = 0) we consider two cases.
• [λV ] is horizontal: In this case V has base orbifold D
2(a, a) for some a ≥ 2 by [BC,
Proposition 6.5 and Proposition A.4(4)]. Arguing as in §2.2.3 of [BC] shows that V
fibres over the circle with fibre a surface with a boundary components. Now apply
Proposition 4.4 to complete the proof.
• [λV ] is vertical: In this case V has base orbifold Q0(a1, . . . , an) for some n ≥ 0 by
[BC, Proposition 6.5]. Any admissible foliation on V which detects [λV ] contains a leaf
which is a vertical annulus by [BC, Proposition 6.2], so we can apply Proposition 4.4 to
complete the proof.
Thus the lemma holds when r = 0.
Assume that r ≥ 1. Since D(V ) = {[λV ]} and D(Vi) = {[λVi ]} for each i, there is an admissible
foliation F on M which detects [α∗]. If v([α∗]) > 0, there is a leaf of F which is a vertical
annulus ([BC, Proposition 6.2]). If v([α∗]) = 0, Lemma 6.1 shows that M fibres over the circle
with fibre which detects [α∗]. In either case we can apply Proposition 4.4 to complete the proof
of the proposition. 
Proposition 6.4. Let V be a graph manifold rational homology solid torus and suppose that
D(U) = {[λU ]} for each graph manifold rational homology solid torus U ⊆ V which is a union
of pieces of V . Then for each odd k ≥ 1 there is a smooth foliation on V made up of admissible
foliations on the pieces of V and which is k-interval hyperbolic on each boundary component of
each piece of V .
Proof. The proof is similar to that of the previous proposition. Simply replace the use of
Proposition 4.4 there by that of Proposition 4.5 here. 
Remark 6.5. A similar result holds with k-interval hyperbolic replaced by k-hyperbolic.
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7. Block decompositions of foliated graph manifold rational homology
3-spheres
In this section we take W to be a graph manifold rational homology 3-sphere which admits a
co-oriented taut foliation.
Definition 7.1. An admissible foliation on a Seifert fibred manifold with non-empty boundary
which is a piece a graph manifold rational homology 3-sphere is either a smooth foliation with
a compact leaf, or a smooth foliation of the form F(ρ) for some homomorphism ρ : π1(M) →
P˜SL(2,R)j , or a smooth foliation constructed from one of these as in §4.
A block decomposition B of W is a splitting of W along a subset of its JSJ tori into connected
submanifolds (blocks) such that
• W is the union of the blocks;
• the pieces of W are endowed with admissible foliations which determine a gluing coher-
ent family of rational slopes on the JSJ tori of W ;
• the admissible foliations piece together to form a smooth foliation on each block which
is either elliptic or hyperbolic on the block’s boundary components and either elliptic
or k-interval hyperbolic for some odd k on the block’s JSJ tori.
It follows from [BC, Theorem 9.5 and Proposition A.8] that a graph manifold rational homology
3-sphere admits a block decomposition if and only if it admits a co-oriented taut foliation.
Given a block decomposition B of W and a JSJ torus T of W , we say that T has type e-e
(for elliptic-elliptic), ih-ih, h-h, or e-h depending on how the foliations on the two pieces of W
incident to T restrict to T . We call a JSJ torus T of W good (with respect to B) if it is a JSJ
torus of a block of B or if it is on the boundary of a block and has type e-e or h-h. Otherwise
we call T bad. Our goal in this section is to prove the following proposition.
Proposition 7.2. Let W be a graph manifold rational homology 3-sphere which admits a co-
oriented taut foliation. Then there is a block decomposition of W with no bad tori.
Remark 7.3. We can piece together a block decomposition of W without bad tori along
any JSJ torus of type e-e to produce a new block decomposition whose foliations restrict to
hyperbolic foliations of matching slopes on the boundary tori of the blocks. On the other hand,
there are graph manifold rational homology 3-spheres which admit co-oriented taut foliations
but admit no family of transversally projective co-oriented taut foliations on its pieces which
restrict to hyperbolic foliations of matching slopes on its JSJ tori.
To each block decomposition B of W we assign a complexity
c(W,B) = (# pieces of W,# bad tori of B,# e-e tori of B) ∈ N⊕W⊕W
where N denotes the natural numbers {1, 2, 3, . . .} and W denotes the whole numbers {0} ∪ N.
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Order N ⊕ W ⊕ W lexicographically from right to left (so that the rightmost factor in the
sum is smallest). We prove the Proposition 7.2 by contradiction, so assume that it is false.
Suppose that W and its block decomposition B are chosen among all block decompositions
of counterexamples to Proposition 7.2 to minimize c(W,B). No boundary torus T of a block
of B has type e-e as otherwise we could produce a new block decomposition B′ of W with
c(W,B′) < c(W,B) by gluing together the two blocks incident to T and their foliations. Thus
the boundary tori of the blocks of B are either good and type h-h or bad and type e-h.
Lemma 7.4. Let T be a JSJ torus of W and let U and V be the rational homology solid tori
obtained by splitting W open along T .
(1) The interior of D(U) ∩ D(V ) is empty.
(2) If neither D(U) nor D(V ) is a point, then T is of type h-h.
Proof. Corollary 5.5 implies that if int(D(U) ∩D(V )) 6= ∅ we may choose a rational horizontal
slope [α] ∈ S(T ) which
• is contained in Dstr(U) ∩ Dstr(V );
• has distance at least 2 to the Seifert fibres of the outer pieces of U and V ;
• is not the rational longitude of either U or V .
Then the result of Dehn filling U and V along [α] are graph manifold rational homology 3-
spheres admitting co-orientable taut foliations ([BC, Theorem 9.5]). Further, the pieces of
the Dehn fillings U([α]) and V ([α]) correspond in the obvious way to those of W . Since U
and V have fewer pieces than W , the minimality of c(W,B) implies that each admits a block
decomposition with no bad tori. Further, the foliations can be chosen to be transverse to the
cores of the filling solid tori in U([α]) and V ([α]) ([BC, Lemma 6.12]). But then we can produce
a block decomposition of W with no bad tori, contrary to our assumptions. Thus assertion (1)
holds.
Suppose that neither D(U) nor D(V ) is a point. Then Corollary 5.7 implies that D(U) and
D(V ) are non-degenerate intervals and D(U) ∩ D(V ) = ∂D(U) ∩ ∂D(V ) ⊆ (D(U) \ Dstr(U)) ∩
(D(V ) \ Dstr(V )). In either case, the foliations from the pieces of U and V incident to T are
hyperbolic on T , so T has type h-h. 
Lemma 7.5. Let T be a JSJ torus of W and let V be one of the rational homology solid tori
in W with boundary T . Suppose that D(V ) = {[λV ]}. If V1 is a union of pieces of V which is
connected and has connected boundary, then D(V1) = {[λV1 ]}.
Proof. We prove the lemma by induction on the number p of pieces of V . When p = 1, V is
Seifert and the lemma holds by hypothesis. Suppose that p > 1 and let M be the outer piece of
V . Write ∂M = ∂V ∪T1∪. . .∪Tr and V =M∪V1∪. . .∪Vr where V1, . . . , Vr are disjoint rational
homology solid tori with ∂Vi = Ti. By induction, it suffices to show that D(Vi) = {[λVi ]} for
each i. Set D∗ = D(V1)× . . .×D(Vr).
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If M has base orbifold Q(a1, . . . , an), then [λV ] = [h]. Set U1 =W \ V1, so that W = U1∪T1 V1,
and suppose that D(V1) 6= {[λV1 ]}. Then the interior of D(V1) is non-empty by Theorem 1.2.
Proposition 6.5(1) of [BC] implies that for each element ([α1], . . . , [αr]) of D∗, ([h], [α1], . . . , [αr])
is foliation detected in M , and since [λVj ] ∈ D(Vj) for each j, for each [α1] ∈ D(V1) there is
a gluing coherent family of slopes on Ui which extends ([h], [α1], [λV2 ], . . . , [λVr ]). Theorem 5.1
then shows that D(V1)∩D(U1) ⊇ D(V1) and hence has a non-empty interior, contrary to Lemma
7.4(1). Thus D(V1) = {[λV1 ]} and similarly D(Vi) = {[λVi ]} for each i.
If M has base orbifold P (a1, . . . , an) and [λV ] is vertical in M , then Lemma 6.1(3) implies that
v(D∗) = 1 and if [h] ∈ D(Vi), then D(Vi) = {[h]}. Without loss of generality we suppose that
[h] ∈ D(V1). As in the previous case, Lemma 7.4(1) combines with [BC, Proposition 6.5] to
show that D(Vi) = {[λVi ]} for 2 ≤ i ≤ r, which completes the proof in this case. Finally if M
has base orbifold P (a1, . . . , an) and [λV ] is horizontal in M , then Lemma 6.1(2) implies that
D(Vi) = {[λVi ]} for each i. 
Lemma 7.5 combines with Propositions 6.3 and 6.4 to yield the following lemma.
Lemma 7.6. Let T be a JSJ torus of W and let V be one of the rational homology solid tori
in W with boundary T . If D(V ) = {[λV ]} then
(1) there are smooth foliations on the pieces of V which determine a gluing coherent family of
slopes for V and which restrict to hyperbolic foliations on each boundary component of each
piece of V .
(2) for each odd k ≥ 1 there is a smooth foliation on V which is k-interval hyperbolic on each
boundary component of each piece of V . 
Proof of Proposition 7.2. By hypothesis, there is at least one bad torus T on the boundary of
some block of B. Let U and V be the rational homology solid tori obtained by splittingW open
along T . We suppose that T is elliptic to the V -side and hyperbolic to the U -side. Note that
D(V ) 6= {[λV ]} since otherwise we could use Lemma 7.6(1) to reduce the complexity of (W,B).
Thus D(U) = {[λU ]} by Lemma 7.4(2).
Let M be the outer piece of V and suppose that T, T1, . . . , Tr are the boundary tori of M . Let
V1, . . . , Vr be the graph manifold rational homology solid tori in V such that Ti = ∂Vi.
If Ti is hyperbolic to theM -side for some i we could use Lemma 7.6 to find a smooth co-oriented,
taut foliation FU on U which is k-interval hyperbolic on T for some odd k. Then we could use
Proposition 4.2 to find a smooth foliation on M which agrees with FU on T and coincides with
the original foliation on M near T1 ∪ . . . ∪ Tr. But then we could reduce the complexity of our
block decomposition, which is impossible. Thus each Ti is either elliptic or interval hyperbolic
to the M -side.
Set Ui = W \ Vi and suppose that D(Ui) = {[λUi ]} for some i. By the previous paragraph Ti
has type e-h, e-e or ih-ih, with Ti elliptic to the M side if it is e-h. In each case we can find a
new block decomposition of W with smaller complexity:
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• If Ti has type e-h we do this by applying Lemma 7.6(1) to Ui to obtain a new block
decomposition of W which agrees with B on Vi and for which there are no bad tori
contained in Ui;
• If Ti has type ih-ih we proceed as in the previous case, but apply Lemma 7.6(2) to Ui to
obtain a new block decomposition of W which agrees with B on Vi and for which there
are no bad tori contained in Ui;
• If Ti has type e-e we can apply Lemma 7.6(1) to Ui to find a new block decomposition
of W which agrees with B on Vi and for which the only bad torus which is contained in
Ui is Ti. This new block decomposition has no more bad tori than B, but has fewer e-e
tori.
This contradicts our choice of (W,B), so D(Ui) 6= {[λUi ]} for each i. Since no Ti is hyperbolic
to the M -side, Lemma 7.4(2) now implies that D(Vi) = {[λVi ]} for each i.
If there is an admissible foliation onM which detects ([λU ], [λV1 ], . . . , [λVr ]) but has no compact
leaves, then ([λU ], [λV1 ], . . . , [λVr ]) is horizontal in M and Proposition 4.2 implies that there is
a smooth foliation on M which is either hyperbolic or 1-interval hyperbolic on each component
of ∂M . Applying Lemma 7.6 appropriately to each of the Vi shows that we can construct a
block decomposition of W without bad tori, contrary to our choices.
If ([λU ], [λV1 ], . . . , [λVr ]) is detected by an admissible foliation in M with a compact leaf F such
that |∂M | + |∂F | ≥ 3, then Proposition 4.4(1) and Lemma 7.6(1) imply that there is a block
decomposition of W without bad tori, again a contradiction.
Finally if ([λU ], [λV1 ], . . . , [λVr ]) is detected by an admissible foliation in M with a compact leaf
|F | such that |∂M | + |∂F | = 2, then |∂M | = |∂F | = 1. But this is impossible since it would
imply that V =M and [λU ] has the same slope as [∂F ], which is [λV ], contrary to the fact that
W is a rational homology 3-sphere. This final contradiction completes the proof of Proposition
7.2. 
A positive answer to the following question would imply that a graph manifold rational ho-
mology 3-sphere which admits a co-oriented taut foliation admits a smooth co-oriented taut
foliation.
Question 7.7. Let W be a graph manifold rational homology 3-sphere which admits a co-
oriented taut foliation. Is there is a block decomposition of W with no bad tori such that the
number of closed leaves on a boundary component T of a block is the same for both foliations
on the two blocks incident to T ?
8. Graph manifolds with left-orderable fundamental groups are not L-spaces
In this section we prove Theorem 1.1: If W is a graph manifold rational homology 3-sphere
with a left-orderable fundamental group, then it is not an L-space. We do this by constructing
a closed 2-form ω and contact structures ξ+, ξ− of opposite sign on W such that ω|ξ± > 0. To
see why this is sufficient, fix a smooth 1-form α on W which evaluates positively on a vector
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field tranverse to both ξ+ and ξ− and let p and q be the projections of V = W × [−1, 1] to W
and [−1, 1]. For ǫ > 0 consider the closed 2-form
ωV = p
∗(ω) + ǫd(qp∗(α))
on V . For ǫ small, ωV ∧ ωV > 0 and so ωV is a symplectic form on V which is positive on
ξ+×{1} and ξ−×{−1}. Thus (W, ξ+) is semi-fillable and therefore W is not an L-space [OSz,
Theorem 1.4].
Proof of Theorem 1.1. From above we are reduced to constructing a closed 2-form ω and contact
structures ξ+, ξ− of opposite sign on W such that ω|ξ± > 0.
Since W has a left-orderable fundamental group, it admits a co-oriented taut foliation ([BC,
Theorem 1.1]) and so by Proposition 7.2, W admits a block decomposition B with no bad tori.
Thus we can split W along a subset of its JSJ tori into blocks B1, . . . , Bn such that
• the pieces of W are endowed with admissible foliations which determine a gluing coher-
ent family of rational slopes on the JSJ tori of W ;
• the admissible foliations piece together to form a smooth foliation Fi on each block Bi
which is hyperbolic on each component of ∂Bi.
We can assume that there is more than one block in B by [OSz, Theorem 1.4].
Orient W and co-orient F1, . . . ,Fn coherently. (The latter means that if T = Bi ∩Bj is a JSJ
torus of W , then the transverse orientation of a closed leaf of Fi|T and that of a closed leaf of
Fj |T match, up to isotopy of one leaf to the other.) This determines an orientation of each Bi
and a coherent orientation of the leaves of each Fi.
Lemma 8.1. There are closed 2-forms ω1, . . . , ωn on W such that
(1) ωi|Fi > 0.
(2) ωi is zero outside of an arbitrarily small neighborhood of Bi in W .
Proof. This follows immediately from the construction on pages 157–158 of [Ca]. 
For each i, double the pair (Bi,Fi) to form a closed, oriented 3-manifold D(Bi) which admits
a smooth, co-oriented taut foliation D(Fi). By [ET, Theorem 2.1.2], we can approximate
the tangent field of D(Fi) arbitrarily closely by a tight contact structure ξi through a linear
deformation. A genericity argument shows that we can assume that the characteristic foliation
of ξi is hyperbolic of the same slope as Fi on each boundary component of Bi. The restriction
of ξi to the positive copy of Bi in D(Bi), ξ
+
i say, is positive on Bi. Its restriction to the
negative copy, ξ−i , is negative with respect to the orientation on Bi induced from W . Give ξ
±
i
the orientation induced from the leaves of F . Then without loss of generality we can suppose
that ωi|ξ
±
i > 0.
Next we show how to build ξ+ from ξ+1 , . . . , ξ
+
n . The construction of ξ
− from ξ−1 , . . . , ξ
−
n is
similar and will be left to the reader.
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Thicken each JSJ torus of W which is a boundary component of some Bi and think of W as
being obtained by gluing together the blocks Bi using these thickenings. More precisely, suppose
that Bi and Bj share a JSJ torus T and that i < j. We replace Bi∪T Bj by Bi∪(T × [0, 1])∪Bj
where T × {0} is identified with T ⊂ ∂Bi and T × {1} with T ⊂ ∂Bj .
Lemma 8.2. Fix a JSJ torus T of W which is a boundary component of Bi and Bj. There is
a contact structure ξ+ij on Bi ∪ (T × [0, 1]) ∪Bj and a closed 2-form ωij on W such that
(1) ξ+ij |T × [0, 1] is non-rotative, ξ
+
ij |Bi = ξ
+
i and ξ
+
ij |Bj = ξ
+
j .
(2) ωij|Bi = ωi, ωij|Bj = ωi, and ωij |ξij > 0.
Proof. Without loss of generality we can suppose that i < j. First we extend ξi across T× [0,
1
3 ].
Let G denote the characteristic foliation on T determined by ξ+i . Then G is hyperbolic with 2k
closed leaves for some k ≥ 1. Further, the dividing set ΓT of T with respect to ξ
+
i is a spine of
the complement of these 2k closed leaves.
Fix coordinates (u, v) ∈ S1 × S1 on T such that G is transverse to {u} × S1 for each u ∈ S1,
the closed leaves of G are each of the form S1 × {v} for some v ∈ S1 as are the components
of the dividing set of T . Then there is a smooth function g : T → (−pi2 ,
pi
2 ) such that the
tangent space to G at (u, v) is given by ker(sin(g(u, v))du − cos(g(u, v))dv). Further, there are
distinct v1, . . . , v2k ∈ S
1 indexed successively around S1 such that g(u, v) = 0 if and only if
v ∈ {v1, . . . , v2k} and g is alternately positive and negative on the open annuli S
1 × (vi, vi+1).
It follows from (the proof of) Giroux’s Flexibility Theorem [Gi, Proposition 3.6] that we can
extend ξ+i across Bi ∪T=T×{0}
(
T × [0, 13 ]
)
in such a way that
• the extension is non-rotative on T×[0, 13 ] and is transverse to the circles to {u}×S
1×{t}
for each u ∈ S1 and t ∈ [0, 13 ];
• each torus Tt = T × {t} is convex with dividing set ΓT × {t};
• the characteristic foliation on T 1
3
is hyperbolic with 2k closed leaves whose tangent
line field is given by ker(sin(f0(v))du − cos(f0(v))dv) where f0 : S
1 → (−pi2 ,
pi
2 ) is a
smooth function which is positive, respectively negative, on (vi, vi+1) if g is positive,
respectively negative, on S1 × (vi, vi+1). Further, f0 may be arbitrarily chosen subject
to these conditions..
We claim that there is a closed 2-form on W which agrees with ωi on Bi, is positive on the
extension of ξ+i over T × [0,
1
3 ], and is zero outside an arbitrarily small neighbourhood of Bi ∪
T × [0, 13 ]. To see this, assume, without loss of generality (cf. Lemma 8.1(2)), that the support
of each ωi|Bi ∪ T × [0,
3
8 ] is contained in Bi ∪ T × [0,
1
6 ]. Let ϕ : T × [0, 1] → S
1 × [0, 1] be the
projection (u, v, t) 7→ (u, t). For ǫ > 0 arbitrarily small, choose a 2-form η on S1 × R which
is non-zero on S1 × (0, 13 + ǫ) but identically zero on its complement. Then ϕ
∗(η) extends to
a closed 2-form ζ on W which vanishes on the complement of T × (0, 13 + ǫ). Further, since
the extension of ξ+i is transverse to each {u} × S
1 × {t} ⊂ T × [0, 13 ], we can suppose that ζ
evaluates positively on this the restriction of the extension to T × [0, 13 ], at least up to replacing
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ζ by its negative. Then for all r≫ 0,
ωi(r) = ωi + rζ
is the desired 2-form.
A similar construction extends ξ+j appropriately across Bj ∪T=T×{1}
(
T × [23 , 1]
)
and produces
a closed 2-form ωj(r) on W (for large r) which agrees with ωj on Bj, is positive on the ex-
tension of ξ+j , and is zero outside an arbitrarily small neighbourhood of Bj ∪ T × [
2
3 , 1]. Fur-
ther, the characteristic foliation on T 2
3
is hyperbolic with the same number of closed leaves
as the characteristic foliation G′ on T determined by ξ+j and its tangent line field is given by
ker(sin(f1(v))du − cos(f1(v))dv) where f1 : S
1 → (−pi2 ,
pi
2 ) is a smooth function which is alter-
nately positive and negative on the components of the complement of its zeros (as determined
by G′). Given the flexibility in our choice of coordinates on T1 and, as remarked above, the
flexibility in the choice f1, we can arrange for f0(v) < f1(v) for all v.
To complete the proof, we must interpolate between the extension of ξ+i over T × [0,
1
3 ] and
that of ξ+j over T × [
2
3 , 1] and construct the closed 2-form ωij.
Set ft = (2 − 3t)f0 + (3t − 1)f1 and observe that as f0 < f1, we have ft(v) < fs(v) if t < s.
Thus the function ϕ : T ×I → T ×R defined by ϕ(u, v, t) = (u, v, ft(v)) is a smooth embedding.
Endow T×R with the contact structure determined by the contact 1-form η(u, v, t) = sin(t)du−
cos(t)dv. Next endow T × I with the contact structure ξT determined by the contact 1-form
η0 = ϕ
∗(η). That is,
η0(u, v, t) = sin(ft(v))du − cos(ft(v))dv
It follows that the contact plane of ξT at (u, v, t) is spanned by the vectors {
∂
∂t
, cos(ft(v))
∂
∂u
+
sin(ft(v))
∂
∂v
} so
• ξT is transverse to each Tt = T × {t};
• the characteristic foliation on Tt determined by ξT is transverse to {u} × S
1 × {t} for
each u and t;
• for each t there are only finitely many closed orbits of the characteristic foliation of
ξT |Tt and each is of the form S
1 × {v} × {t} for some v ∈ S1;
• ξ+T |T × [
1
3 ,
2
3 ] is non-rotative.
Use ξT to piece together the extensions of ξ
+
i and ξ
+
j , thus producing ξ
+
ij . As above we can
construct a closed 2-form ωT on W which is positive on ξ
+
ij |T × (
1
3 ,
2
3 ) but zero outside its
complement. For r ≫ 0,
ωij(r) = ωi(r) + rωT + ωi(r)
satisfies (2) of the lemma. 
Applying the lemma inductively to each boundary component of the blocks we can build a
contact structure ξ+ on W and a 1-parameter family of closed 2-form ω(r) (r ≫ 0) such that
ω(r)|ξ+ > 0. We construct ξ− similarly, and the reader will verify that for large r, ω(r)|ξ− > 0.
This completes the proof of Theorem 1.1. 
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